Abstract We aim at providing probabilistic explanations of equivalences, between conditions of positive dependence and of univariate ageing, that have been pointed out in the literature. To this purpose we consider bivariate survival functions F(x, y) and properties of them that are respectively invariant under transformations of the type F (ϕ(x), ϕ(y)) and ψ F(x, y) , for ϕ, ψ : [0, 1] → [0, 1] increasing bijections. Bivariate Schur-constant survival models will have a central role in our discussion.
Introduction
Probabilistic theory of Reliability is essentially based on the study of non-negative random variables that have the meaning of life-times, time-to-failures ... and so on. An important part of literature in this area is devoted to introducing and analyzing notions of ageing and stochastic dependence; these notions are then employed to obtain useful inequalities in reliability computation and estimation. An introduction to these topics can in particular be found in [3, 7, 22, 25, 28, 37] and references contained therein. We address the readers to such a bibliography for what concerns the heuristic meaning, main mathematical properties, and applications of dependence and ageing. For the ease of the non-specialist reader, we here limit ourselves just to recall the definitions of the basic notions that are needed in the discussion.
Roughly speaking, the term dependence means that we deal with different units (components of a reliability system, living beings, industrial products, ...), whose life-times cannot be, realistically, modelled as stochastically independent random variables; by the term ageing we mean that not all life-times of the units involved in a problem can have, marginally, exponential distributions.
The theory of Reliability is indeed permeated by the phenomena of stochastic dependence and ageing. The same also happens for our everyday life. We can say however that, within the realm of Reliability, not only such phenomena are studied in terms of exact probabilistic concepts but even, as a more stringent feature of this theory, various connections between dependence and ageing emerge in a natural way, at different conceptual levels and in the frame of different approaches (see e.g. [37, 28, 2, 41, 42] and references therein).
Up to a certain extent, we can even claim that it there exists a sort of formal identification between some notions of dependence and some notions of ageing. Our main purpose here is just to present a discussion on this specific point. Namely, we will see in which sense ageing and dependence are different avatars of same properties. We also propose probabilistic interpretations of facts that might appear of a pure analytic character.
It is well-known to the reader that the notion of copula has a natural and useful role in the description of stochastic dependence. In these proceedings the reader can find a detailed review about the use of copulas for the topic of coherent systems, in Reliability Theory (see Chapter 9 of this volume ( [35] )). A fact of interest here is that copulas can also have a role in the description of stochastic ageing. Actually, as we shall briefly recall in the following sections, it is the more general notion of semi-copula that emerges in connection with the study of ageing. But we have even more to say, concerning the use of copulas in the description of dependence: it has been just such an approach that inspired the use of semi-copulas for problems of applied probability and suggested the study of the concepts, related to ageing, that will be reviewed here.
Let us then come to explain more specifically the topic and the purposes of our discussion.
We denote by C φ the bivariate Archimedean copula with additive generator φ , i.e. we put, for 0 ≤ u, v ≤ 1,
φ : (0, 1] → [0, +∞) must be a continuous, convex, decreasing function such that φ (1) = 0. We assume, even if not always strictly required, that φ is strictly decreasing and lim u→0 + φ (u) = +∞. φ −1 : [0, +∞) → (0, 1] is a continuous, convex, strictly decreasing function such that φ −1 (0) = 1 and can be seen as a univariate survival function, i.e. we can find non-negative random variables X such that, for x ≥ 0,
C φ , being a copula (even if one of a special type, i.e. an Archimedean one), is the natural object for which properties of stochastic dependence can be defined. φ −1 , being a univariate survival function is the natural object for which one can define properties of univariate stochastic ageing.
Several results presented in the recent literature show how dependence properties of Archimedean copulas are related to analytic properties of their generators φ ; see in particular the papers by Muller and Scarsini [33] , and Averous and DortetBernadet [4] .
It is remarkable for our purposes that an equivalence can be established between some notions of positive dependence (such as, say, Left Tail Decreasing) and corresponding notions of negative univariate ageing (such as Decreasing Failure Rate), in the following sense:
As pointed out in [4] , C φ satisfies one of such properties of positive dependence if and only if φ −1 satisfies a corresponding property of negative univariate ageing. We shall report these results in the next Section 2, together with the necessary definitions of properties of ageing and dependence. We shall also see that, by introducing a simple and natural notion of dual of a (univariate) survival function, the results in [4] can be formulated under equivalent forms that are more adapt for our purposes: positive dependence of C φ is equivalent to corresponding positive ageing of the dual of φ −1 . Furthermore these results will be used to extend the definitions of dependence properties to Archimedean semi-copulas, what is of interest for the subsequent discussion. Section 3 will be essentially devoted to the so-called Schur-constant models. These are special exchangeable survival models where the survival copula is Archimedean and the joint distribution is simply determined by the univariate marginal. More exactly the marginal survival function has also the role of inverse of the generator.
After recalling essential terminology (survival model, survival function, survival copula, Schur-constant property, ...) and showing some aspects of the Archimedean copulas in our specific context, we will analyze properties of ageing and of dependence for Schur-constant models. Since, for these models, the joint distribution is completely determined by the univariate marginal, it does not come as a surprise that properties of the survival copula are determined by the behavior of the marginal. We shall see in fact that some of the results about dependence properties that can be given for these models coincide with the characterizations presented in [4] .
In Section 4 we sketch how ageing can be connected to the level sets of a joint survival function and reasons way semi-copulas enter in the play. We will then shortly review a concept of duality among multivariate survival models. These arguments provide the basis for our interpretation of relations among ageing and dependence. The discussion will be based on a brief review of topics from some past and some recent papers and on a few related comments and remarks. It will, in particular, emerge that Archimedean (semi-)copulas can be used as natural objects to describe univariate ageing and to extend the characterizations in [4] . to the cases when φ −1 is not convex. By focusing attention on the i.i.d. and on the Schur-constant models, we shall also explain the substantial probabilistic motivations for such a role of Archimedean (semi-)copulas.
In Section 5 we present a short summary of our discussion and some concluding remarks. We also give an hint for future research that is suggested by the fact that all the models with Archimedean survival copulas can be obtained by the i.i.d. and the Schur-constant models by means of simple transformations.
Univariate ageing and dependence properties of Archimedean semi-copulas
For a scalar, non-negative, random variable X (life-time), the survival function (or reliability function) is defined as
In our treatment we shall consider, as survival functions, the functions G : [0, +∞) → (0, 1] that are continuous, strictly decreasing, strictly positive all over [0, +∞) and such that G(0) = 1, lim x→∞ G(x) = 0. For fixed G, we also set
has the meaning of failure rate function. The exponential distributions, characterized by the condition r(x) = constant, are those with the memory-less or no-ageing property.
For a given survival function G, it is of interest to consider the ratio
In the absolutely continuous case, we can also write
Obviously, if G is the survival function of X, where X is the lifetime of a unit U, then we can write
i.e. G t (x) is interpreted as the survival probability, for an extra time x, for U when U reached the age t. The different notions of univariate ageing concern, more or less directly, the qualitative behavior of the family of functions G t , for increasing values of t ≥ 0. The following ones are among the most well-known notions.
Notice that an absolutely continuous G is IFR if and only if the failure rate r is non-decreasing (whence, actually, the origin of the term IFR).
The following chain of implications holds
Each of the afore-mentioned notions is one of positive ageing. An absolutely continuous G is Strongly Unimodal (SU) if g is log-concave. This can be seen as a strong property of positive univariate ageing and, in particular, it implies that G is IFR. The opposite condition, g is log-convex, is a property of negative univariate ageing.
We now recall some notions of positive dependence for a bivariate copula C. For simplicity sake, we limit ourselves to the case of exchangeable copulas, where there is a situation of symmetry between the two variables. The extension to the non-symmetric case is straightforward.
C is Positive Quadrant Dependent (PQD) if
As mentioned in the Introduction, for an Archimedean copula C φ the above positive dependence properties correspond to negative ageing properties of φ −1 . More precisely, for convex φ , the following equivalences hold (see [4] and references cited therein):
C φ is SI if and only if φ −1 has a log-convex density.
Of course, even if φ : (0, 1] → R + ∪ {0} is not convex, φ −1 may well be a properlydefined survival function, for which it makes sense to consider properties of ageing such as NWU, IFRA, DFR, and so on. For this reason we can use the above equivalences (a) -(d) in order to formally define properties of positive dependence for functions of the form C φ , even when φ is not convex. If φ is not convex, then C φ is not a copula; actually it is an Archimedean semicopula or a t-norm (see [12, 27] . Qualitative properties such as PQD, PKD, LTD, SI cannot anymore be properly interpreted as properties of stochastic dependence between two random variables. However it is still interesting for our discussion to consider, along with Archimedean copulas, Archimedean semi-copulas and to extend to them those properties that, when restricted to copulas, become bona-fide properties of dependence.
For the sake of our discussion it is also useful to introduce the following
is a univariate survival function as well, that we call the dual of G(x).
The proof of the following Proposition amounts just to a simple verification.
Proposition 11.2.1. A univariate survival function G(x) is NBU (IFRA, IFR, SU) if and only if G * (x) is NWU (DFRA, DFR, with log-convex density).
For a univariate survival function G(x) we now let, for 0 ≤ u, v ≤ 1,
By collecting the arguments above we can now state:
is PQD if and only if G is NBU; (β ) A G is PKD if and only if G is IFRA; (γ) A G is LTD if and only if G is IFR; (δ ) A G is SI if and only if G is SU.
In other words, positive "dependence properties" of A G correspond to positive ageing properties of G (remember however that A G is a copula if and only if G * −1 is convex).
We shall present a probabilistic interpretation of (a)-(d) in the next Section 3 and, as a related consequence, we shall examine the meaning of (α)-(δ ) in Section 4.
Dependence and Univariate ageing in Schur-constant models
We start this section by introducing some notation and a few well-known notions about multivariate survival models.
By the term multivariate survival model we simply mean the joint probability distribution of a n-tuple of non-negative random variables (or life-times) X 1 , ..., X n . A multivariate survival model is commonly described by its joint survival function
(x being here the i-th coordinate of the vector (0, ..., 0, x, 0, ..., 0)) and the survival copula is given by
Many positive or negative dependence notions for F are actually properties of K. We say that a survival model is a Schur-constant model if it has the form
where G is a positive, continuous, and strictly decreasing one-dimensional survival function (such that actually F turn out to be a n-dimensional survival function). Notice that F is obviously exchangeable and that G has the meaning of the onedimensional marginal survival function of F. It is easy to see that, in the case when F is absolutely continuous with a joint density function f (x 1 , ..., x n ), i.e. when
F is Schur-constant if and only if f has the form f (x 1 , ...,
Schur-constant models arise as a generalization of the joint distributions of i.i.d. exponential or conditionally i.i.d. exponential variables. A slightly more general notion is the one of multivariate l 1 -norm symmetric distribution; a detailed treatment of this notion is provided in [23] and some of the references indicated therein. A survival function of the form (11.4) is simultaneously Schur-concave and Schur-convex (see [29] ). The term Schur-constant models was originally used in the reliability field, where such models are considered (see, in particular, [5, 6, 8, 38, 39, 40] ) in connection with a multivariate version of the memory-less or no-ageing property. For more details about this interpretation, related properties and characterizations see [41] ; see also [16] for further characterizations.
Schur-constant models are special cases of survival models of the form 5) where W is a continuous and strictly decreasing one-dimensional survival function and R : [0, +∞) → [0, +∞) is a strictly increasing function such that R (0) = 0 and lim x→∞ R (x) = ∞. A n-variate survival model, with a continuous one-dimensional marginal survival function strictly decreasing where positive, has the form (11.5) if and only if its survival copula is Archimedean; more precisely we have
Notice that K is not influenced by R. Models defined by (11.5) and by a continuous and strictly decreasing, positive, one-dimensional marginal survival function, have also been called TimeTransformed Exponential (TTE) models. They are exchangeable. A strictly related notion is the one of Frailty Models introduced in [30] . In the special case (11.4) (i.e. R(x) = x,W = G) (11.6) becomes
It is to be noticed that we can find different models still satisfying (11.6) by dropping the above assumption on the one-dimensional marginal (see [33] ).
For our purposes we can now limit our attention to the Schur-constant case with n = 2:
We look at F as at the joint survival function of a pair of exchangeable life-times X and Y and G is their (common) marginal survival function. In order to let F to be properly defined as a bivariate survival function, G must be convex so that, also,
is an (Archimedean) copula with the meaning of survival copula of F. K(u, v) can be seen as (the restriction to
Notions of dependence for K, such as those recalled in Section 1 (i.e. PQD, PKD, LTD, SI), can be given a more transparent probabilistic meaning in terms of condi-tions of correlation between X and Y , as recalled in the statements presented below. For a wider specific analysis about dependence properties of Schur-constant models, see [13, 14] , [41, chapter 3] , [34, 15] . For general discussions about the role of copulas to describe stochastic dependence see e. g. [26, 34, 17] .
It is easy to see that K is PQD if and only if X and Y are PQD in the sense Recall that X,Y , with joint survival function given in (11.7) are exchangeable and then all the dependence conditions considered above are symmetric in x, y.
The notion of PKD is interpreted in terms of the behavior of the Kendall distribution V (t) := P{F (X,Y ) ≤ t}.
The following remarks show why bivariate Schur-constant models are relevant in our discussion.
Remark 11.3.1. Any Archimedean copula can be seen as the survival copula of a suitable Schur-constant model. This fact was pointed out in [9] as a property of basic interest for the purposes of that paper and it is also of interest in the present discussion. A detailed analysis on this property is also presented on [31] .
As shown by Eq. (11.8), for Schur-constant models the survival copula is determined by the marginal survival function G. Then we can expect that properties of dependence are characterized in terms of properties of G. In this respect we can obviously write
In the absolutely continuous case, something analog to (11.9) can also be said for the function P{X > x | Y = t}. In fact we point out the following property.
Proposition 11.3.1. Let (X,Y ) be distributed according to a (jointly) absolutely continuous Schur-constant model with a positive marginal density g. Then
Proof. In the Schur-constant case, the joint distribution of (X,Y ) is absolutely continuous if and only if G admits a second derivative κ and the joint density is given by
In such a case, on the other hand, the one-dimensional marginal density is given by
Then we can write
In view of (11.12), Eq. (11.10) can be readily obtained by noticing that, for a pair of jointly absolutely continuous life-times A, B, we can generally write g (t) . By recalling the form (11.8) of the survival copula of a bivariate Schur-constant model, we see that the two remarks above heuristically explain the reason why those properties of G, that are related to dependence properties of the Archimedean copula C G −1 , can just be seen as univariate ageing properties. More precisely, by using the arguments above, the following equivalences can easily be checked: Notice that (a'),(c'), (d') just imply, respectively, the equivalences (a),(c), (d) stated in the previous Section. Also for the equivalence (b) a probabilistic justification could be given, in terms of bivariate Schur-constant models and Kendall distributions. This topic, that we omit here for brevity sake, will be developed in a next paper.
Level curves, B functions, duality, and interpretation of coincidence between ageing and dependence
Let G(x) be a univariate survival function (not necessarily convex). In order to give an interpretation of the claims in Proposition 11.2.2 we discuss the meaning of the tnorm A G and employ a specific concept of duality between pairs of survival models.
Actually we want to briefly review the relations among arguments contained in some previous and some recent papers (limiting attention to bivariate distributions), with the addition of a few pertinent comments and remarks. All the story starts from the search of multivariate definitions of Increasing Failure Rate, that could, in a certain sense, be appropriate for a Bayesian analysis. In particular, interest was concentrated on properties that can be shared by both the joint distributions of i.i.d. IFR life-times and of conditionally i.i.d. IFR life-times.
In this search one is, of course, supposed to start from an analysis of the univariate notion of IFR and then to look for appropriate multivariate extensions. Actually IFR admits several different characterizations and, as it was pointed out in [5] , the following characterization ( [29] ) is of remarkable interest : G is IFR if and only if the bivariate function F(x, y) :
Consider now the conditionally i.i.d. IFR case where H(x, y) has the form
Π is a probability measure on Θ , and
is not generally IFR. On the contrary, G(x | θ )G(y | θ ) being Schur-concave ∀θ ∈ Θ , guarantees that H(x, y) in (11.13) is still Schur-concave. This was a reason to consider Schur-concavity of an exchangeable joint survival function F as a useful notion of bivariate IFR. In addition, a characterization of this property in terms of comparisons between residual life-times, given in ( [39] ), shows the reliability meaning of this position. For more details on this topic see e.g. [41] , Chp. 4.
The idea of describing IFR of G, i.e. a univariate ageing property, by means of a property of the bivariate function G(x)G(y) already contains, in nuce, the developments that lead to the description of ageing in terms of semi-copulas.
In [8] it was noticed that Schur-concavity of an exchangeable bivariate survival function F is actually a property of the family L F of the level curves (or of the family of level sets) of F. In [9] it was more generally argued that other possible properties of bivariate ageing can be characterized in terms of the behavior of the family L F .
Let us denote by I the set of increasing bijections ψ :
, such that ψ (0) = 0, ψ (1) = 1, and notice that two different bivariate survival functions, say   F(x, y) and H(x, y) , are such that L F = L H if and only if one has H(x, y) = ψ F(x, y) (11.14)
for a given ψ ∈ I . In order to describe L F Bassan and Spizzichino ( [9] ) proposed to employ the function B F : Saying that a property # of F is actually a property of L F means that F has the property # in common with all the different joint survival functions H of the form (11.14) and then it is a property of B F . In conclusion: we concentrate our attention on bivariate ageing properties of F that can be characterized in terms of B F . B F has been also called bivariate ageing function; we also refer to it (generally, for the multivariate case) with the term B-function. For our purposes it is useful to notice here that it is Archimedean if and only if K F is such; for other details about B F see [12, 21, 9, 10, 11] . Actually, however, it turns out that B F is not generally a copula. Then it was introduced the term semi-copula and this circumstance stimulated interest in the formalization of the appropriate generalization of the notion of copula ( [20, 19] ). In a different framework, some aspects of bivariate ageing for Archimedean copulas have been analyzed in [32] .
Let us come to consider now the case of i.i.d. variables. Common sense suggests that, in the i.i.d. case, any plausibly defined notion of multivariate ageing should coincide with the corresponding univariate notion. In particular we can expect that, in the case F(x, y) = G(x)G(y), F has a bivariate ageing property # (such as NBU, IFRA, IFR,...) if and only if G admits the univariate ageing property #.
Then, as far as properties of bivariate ageing are properties of B F , we have that univariate ageing properties of G correspond to properties of B F for F(x, y) =
G(x)G(y).
But in this case, as it is immediately seen, B F just turns out to coincide with the Archimedean semi-copula
We obtained thus substantial motivations to see way ageing properties of G reflect on properties of A G , according to the equivalences (α)-(δ ) listed in Section 2.
In this respect, we also point out that the properties of A G , that are involved in the equivalences, have just the form of dependence properties. This can be explained in view of Proposition 11.2.1 and of the formal extension of dependence notions to Archimedean semi-copulas, suggested in Section 2.
Some more insight on the above considerations can be obtained by extending the concept of multivariate survival model and introducing a suitable concept of duality. We start from a bivariate, exchangeable, survival model characterized by a survival copula K and a marginal survival function G, i.e. F(x, y) We argued above that a property # of F only depends on B F (or on L F ) if and only if it is in common among all the (possibly extended) survival functions H of the form (11.14), for arbitrary functions ψ ∈ I .
On the other hand, properties of stochastic dependence for F that can be described as properties of its survival copula K F , can be regarded as properties that F has in common with all the survival functions of the form 17) with ϕ ∈ I . We can recognize a sort of duality between transformations of the type (11.14) and those of the type (11.17); and then a sort of duality between properties of dependence (that are invariant under transformation of the type (11.17)) and properties of ageing (that are invariant under transformation of the type (11.14)).
In this respect, the following remark is relevant. 
Proof. Let B be the ageing function of F and G(x) = exp{−ρ(x)} its marginal survival function. From M = ψ F , we can immediately obtain
Now we observe that the equation
More precisely, by Definition (11.16), M * is characterized by the conditions
(11.19) On the other hand, again by applying the Definition (11.16), we have
A direct comparison between (11.19) and (11.20) immediately yields the identity (11.18).
Some more aspects of duality between ageing and dependence also emerge in the papers [12, 24] . [12] concerns with properties of bivariate ageing and their relations with univariate ageing and dependence. The results therein can be used to obtain sufficient or necessary for conditions of stochastic dependence in terms of conditions of univariate ageing for the marginal distribution for exchangeable models. In [24] some analogies and differences between B and K (between ageing and dependence, in other words) have been analyzed for exchangeable survival models in the dynamic context of the family of conditional models for residual life-times X − t,Y − t given the survival data (X > t,Y > t) at increase of the age t ∈ [0, ∞).
Summary and concluding remarks
In this paper we first recalled and then discussed some relations between positive dependence and univariate ageing properties of a convex univariate survival function G. We interpreted these relations in the frame of Schur-constant models.
Then we described the ageing of G (not necessarily convex) in terms of properties of the bivariate survival function F(x, y) := G (x) G (y). More precisely, in such an approach, ageing of G is seen as a property of the family L F of the level curves of F. L F can generally be described in terms of the ageing function B F defined in (11.15); a focal point is that, in the particular i.i.d. case, B F turns out to coincide with the Archimedean semi-copula A G , defined in (11.3) .
Further, we observed that ageing of G can actually be seen just as a property of dependence for A G . To this purpose, we extended properties of positive dependence from Archimedean copulas to Archimedean semi-copulas. This extension becomes natural when considering results, about the ageing properties of the inverse of the generator, that are valid in the case of Archimedean copulas.
Generally, for an exchangeable survival model F, the relation between B F and K F is one of the form B F (u 1 , ..., u n ) = h −1 (K F (h(u 1 ), ..., h(u n ))) . The i.i.d. and the Schur-constant models, on which our discussion has been based, are special cases of TTE models and, in fact, B F and K F are both Archimedean for such two types of models.
Thus we have been allowed to limit attention to the case of bivariate Archimedean (semi-)copulas.
As it is now clear (see also e.g. [26, 9, 31] ), the special role of i.i.d. and Schurconstant models is also explained by the following characterizations. Let F be an exchangeable bivariate survival function with the afore-mentioned assumptions on the marginal; then the conditions (i) F has an Archimedean survival copula K F ; (ii) F shares its survival copula K F with a Schur-constant model; (iii) F shares the system of its level curves L F (i.e. it shares B F ) with an i.i.d. model; are equivalent. These characterizations could be also useful in more general discussions about multivariate ageing. In particular they show the possibility, for TTE models, of di-rectly defining multivariate ageing in terms of univariate ageing (see [9] ). Furthermore, since (see in particular [14] and [41] ) different properties of positive dependence become equivalent each other in the case of Schur-constant models, different notions of dependence collapse into only one notion in the case of Archimedean copula and of general TTE models.
Any TTE model can be obtained from a transformation of the type, ψ F (τ(x 1 ) , ..., τ(x n ) , (11.22) starting from a Schur-constant or a i.i.d. model F, with a suitable choice of τ, ψ.
For future research, here we point out the interest for a more general study of the class of the survival models obtained by means of transformations of the form (11.22) , starting from a fixed model F.
